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Abstract
Diﬀusion limited Aggregation (DLA) and its variant forms, such as diﬀusion limited
cluster aggregation (DLCA), is a widely used model to study the growth processes where
the growth is mainly guided by the diﬀusion of constituting species. The model, originally
proposed by Witten and Sander in 1981, has been used to study a wide variety of systems,
from electrodeposited growth to formation of snow ﬂakes and lightening paths. In this
project we will use varying types of (magnetic and non-magnetic) micro particles suspended
in a liquid medium to study their aggregation. We will focus on the eﬀects of changing
magnetic ﬁeld and temperature on the fractal dimensions of the resulting aggregates. We
will complement this study by simulating the aggregation process using DLA and DLCA
models.
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1.1

Introduction
Diﬀusion Limited Aggregation

The term Diﬀusion Limited Aggregation (DLA) refers to an algorithm of simple growth in which
an aggregate increases in size due to individual particles being added to it at a time rather
than in clusters. This happens since the density of particles is low and thus there is a very low
probability of the particles coming into contact with each other before reaching the aggregate.
Starting from any suitable cluster seed, ﬁxed in D-dimensional space, a new particle is launched
at a random position and it undergoes Brownian motion. When this randomly walking particle
comes into contact with the cluster, it is incorporated into the cluster at its contacting position,
depending on the sticking coeﬃcient. This process is repeated until the cluster has reached a
desired number of particles. The cluster density is dependent on the sticking coeﬃcient. Lower
the coeﬃcient, denser the cluster.
The model was ﬁrst proposed by Witten and Sander in 1981, [1] for random aggregates.
The DLA model generates a variety of structures ranging from ramiﬁed clusters with fractal
scaling to faceted crystals with complex geometry.

1.2

Diﬀusion and Formation of Aggregates

Diﬀusion is a net transport of molecules from a region of higher concentration to a region of
lower concentration by random molecular motion. It is the macroscopic result of random thermal
motion on microscopic scale. If particles of the system have the ability to attract each other and
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stick together, they form aggregates. This sticking is due to ‘Van der Waals’ forces and is very
weak (not true if the particle has electric charge).

1.3

DLA Cluster

A DLA-cluster, also known as Brownian Tree, is a fractal aggregate made by DLA, where the
shape of the cluster is controlled by the possibility of particles to reach the cluster via Brownian
motion. During the diﬀusion of a particle through the solution, it is more likely that the particle
attaches to the outer regions than the inner region, hence forming a fractal aggregate. An example
can be seen in Figure 1 [11]

Figure 1: A DLA structure

1.4

Fractal Dimensions

Fractal Dimension is a statistical quantity that indicates how completely the fractal ﬁlls space in
a cluster.
The cluster made by DLA is a ‘fractal aggregate’. Its shape is controlled by the possibility
of the particle to reach the cluster. The geometrical pattern of fractals is repeated at every small
scale, that is, they are invariant and self similar. In contrast to regular shapes (triangles, squares
etc) fractals have non-integer dimension D, hence the name fractal dimension.
If we take an object with linear size 1 residing in Euclidean dimension D and reduce its
linear size by the factor 1r in each spatial direction, it will take N = rD number of self similar
objects to cover the original object. Here r is the characteristic linear dimension. Taking log on
both sides we get:

D=

ln(r)
ln(N )

(1)

Applying this equation to a fractal structure, we can get the dimension of the fractal
structure as:

D = lim

ϵ→0

ln(N (ϵ))
ln( 1ϵ )
2

(2)

Here N (ϵ) is the number of self-similar structures of linear size ϵ covering the whole
structure.[7].
For clusters in planes (i.e. ℜ2 ) the fractal dimensions have been found to be bound by
the value D = 1.71 whereas for clusters in space (ℜ3 ), we have the bound given as D = 2.5.
However, the fractal dimension is also sensitive to the lattice structure of the particle. Thus, if
we perform the succession of random walks, and grows the cluster without an underlying lattice,
we obtain the aforementioned D = 1.71. However, if we study precisely the same problem on a
square lattice, we ﬁnd that for large clusters D crosses over to a value of 3/2. One of the few
rigorous results on the fractal properties of DLA is the bound D = 3/2 in two dimensions, proved
by Harry Kesten [12].

2

Other Models to study clusters

Several other models have been used in the past to study the clusters formed by the suspended
particles. Two of them are described here:
• Eden Growth Model proposed by Murray Eden describes the growth of speciﬁc types
of clusters such as bacterial colonies and deposition of materials. It is a lattice model in
which particles are added one at a time at random to sites adjacent to occupied sites. The
clusters grow by random accumulation of materials on the boundary. This model produces
a compact cluster with density correlations independent of distance in the limit of large
size. The metal aggregates have correlations which fall as a fractional power of distance.
• In The Ballistic Aggregation Model proposed by Vold , the random walks of the
particles are replaced by ballistic trajectories to describe colloid aggregation. It generates
non-fractal clusters characterized by a power law.
Figure 2 shows these two models.

Figure 2: (a) The Eden Growth Model (b) The Ballistic Aggregation Model

3

Our model Description

[2][3][6][13] We are basing our model on the original DLA model for aggregation of magnetic
microspheres. Starting from ﬁrst particle placed in the center of the lattice, others are launched
from the boundary of the cell. The particles having unit radius are undergoing a periodic boundary condition. One by one they are launched from an outside circle moving towards the aggregate.
As soon as the particle reaches a position near by the aggregate, it sticks to it. The procedure is
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repeated until the speciﬁed number of particles have undergone the procedure.

At each step the new particle has four possibilities for its next position. This is sorted out
by assigning probabilities to the particles. The dispersion is stabilized so that the electrostatic
and Van der Waals interactions between the spheres are negligible compared to the magnetic
forces. The microspheres possess fairly uniform remanent magnetization. For estimating the
long-range interactions, the magnetized spheres may be considered as point dipoles having a
magnetic moment µ
µ = M(

4πr3
)
3

(3)

Where ’d’ is the distance between the two dipoles and r = 2d
µ = M(

πd3
)
6

(4)

For calculating the magnetic ﬁeld interactions, we start with the idea of scalar and vector
potentials.
Solving Maxwell’s equations with the boundary conditions that both potentials go to zero suﬃciently fast as they approach inﬁnity,the general form of vector and scalar potentials is:
∫
j(p2 , tr )
A(p1 , t) =
dV
(5)
r12
and
ϕ(p1 , t) =

1
4πϵ0

∫

ρ(p2 , tr )
dV
r12

(6)

Here r12 is the distance between p1 and p2 . tr is the retarded time taken by the eﬀect
to generate at p2 . Current density is given by j(p2 , tr ) and ρ(p2 , tr ) is the charge density.
Now, the vector potential of magnetic ﬁeld produced by magnetic dipole moment µ
changes its form to:

A(r) =

→
→
µ0 −
µ ×−
r
3
4π r

(7)

and so the magnetic ﬂux density calculated from this vector potential is
B(r) = ∇ × A =

→
→
→
µ0 3r(−
µ ·−
r) −
µ
(
−
)
4π
r5
r3

(8)

Alternatively, we can obtain the scalar potential from the magnetic pole which is given
by:
ψ(r) =

−
→
→
µ ·−
r
3
4πr

(9)

and so the magnetic ﬁeld strength is:

H(r) = −∇ψ =

→
→
→
1 3r(−
µ ·−
r) −
µ
(
−
)
4π
r5
r3

Magnetic ﬁeld of an ideal dipole is shown in Figure 3.
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(10)

Now, when we have magnetic ﬁeld produced by a dipole, we will consider another dipole
in that ﬁeld to ﬁnd the eﬀect of magnetic ﬁeld due to one dipole on the other. The potential
energy experienced by the this new dipole due to the magnetic ﬁeld of the previous dipole gives
→
us the relation of magnetic interactions between two dipoles i and j having magnetic moment −
µi
−
→
and µj .
→
→.−
Uj = −−
µ
j Hi

(11)

So the magnetic interaction relation comes out using equation [10]:

Figure 3: Magnetic ﬁeld of an Ideal dipole

Dij = −
⇒
Dij =

−
→ −
→−
→
→
−
→
1 3(−
r→
µi .−
µ
ij . µi )(rij .µj )
j
−
[
5
3 ]
4π
rij
rij

(12)

−
→
1 µ2 (µ̂i .µˆj ) 3µ2 (µ̂i .−
r→
ij )(µˆj .rij )
−
]
[
3
5
4π
rij
rij

(13)

−
→
µ2
3(µ̂i .−
r→
ij )(µˆj .rij )
[
µ̂
.
µ
ˆ
−
]
i
j
3
2
4πrij
rij

(14)

⇒
Dij =

Here µ̂i and µ̂j are unit vectors along the moments on the spheres i and j and rij = ri −rj
is the distance between two dipoles.
We also have two dimensionless parameters, eﬀective strength of the dipole-dipole interaction
relative to the disruptive thermal energy, given by equation [15] , and strength of the dipole-ﬁeld
interaction given by equation [16] below,
Kdd = µ2 /d3 kB T,
Kdf = µH/kB T,

(15)
(16)

Where kB T is thermal energy of the particles.
The motion of the particle is driven by its dipolar energy. The energy diﬀerence between the current position and four possible new positions, i = 1, 2, 3, 4 is used to calculate the
probability of getting to a new position, Pi
Pi =

exp(− kB1T (∆Ui ))
ΣPi
5

(17)

One of the four positions is sorted according to their probabilities and the particle moves
to it. At each step, particle undergoes motion guided by these probabilities until it reaches the
aggregate and sticks to it.
According to this model, the particle moves to the region of lower energy with higher
probability. Particles interacting via long range dipolar forces produce aggregation with quite
diﬀerent scaling properties based on fractal geometries.
The resulting cluster is a fractal. The cluster’s fractal structure arises because the faster
growing parts of the cluster shield the other parts, which therefore become less accessible to
incoming particles. An arriving random walker is far more likely to attach to one of the tips
of the cluster than to penetrate deeply into one of the cluster’s ‘fjords’ without ﬁrst contacting
any surface site.[12] Thus the tips tend to screen the fjords, a process that evidently operates
on all length scales.To determine the fractal dimension of the aggregate, we ﬁrst consider N(R),
the number of particles that are closer than some distance R away from the center of mass. To
measure the fractal dimension, consider a log-log plot, that is a plot of the logarithm of N(R)
versus the logarithm of R. The log-log plot should be linear and the slope of the line is the fractal
dimension. For most objects, this relationship holds true over a ﬁnite range of R. At small R
this relationship is limited by the size of the particles that make up the object. At large R this
relationship is limited by the size of the object. [10]
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Literature Review

The Diﬀusion Limited Aggregation Model was proposed for the ﬁrst time by Witten And Sander
in 1981. Following is a review of some of the literature that we have already been through.
Diﬀusion-Limited Aggregation, a Kinetic Critical Phenomenon
T.A. Witten, L.M. Sander, 1981
In this paper, [1] Witten and Sander proposed a model of random aggregates applicable to
metal-particle aggregation. They studied aggregates formed when a metal vapor, produced by
heating a plated ﬁlament, was quenched condensed and showed that these particles have densitycorrelations of a power-law form. They simulated a model which is a discrete version of dendritic
growth. Simulations of such systems produce model aggregates which also have power-law correlations. This model was a variant of Eden model with initial state of a seed particle at the origin
of a lattice. A second particle was added at a random site at a large distance from the origin.
The result of the paper is shown in Figure 4
Model for the growth of electrodeposited ferromagnetic aggregates, under an inplane magnetic ﬁeld
C.Cronemberger, L. C. Sampaio, A. P. Guimares, and P. Molho, 2010
In this paper [3], a model was proposed for the growth of ferromagnetic aggregates. This model is
a modiﬁcation of the original DLA model by Witten, and is applicable to ferromagnetic particles
under the inﬂuence of electric ﬁeld and dipolar interactions between particles that were subjected
to an applied magnetic ﬁeld. Applied magnetic ﬁeld and magnetic moment of the particles were
varied to see the changes in the shape of the aggregate using an oﬀ-lattice algorithm. The results
produced showed a remarkable change when magnetic moment was increased. Dipoles were
seen to be aligning parallel to each other leading to a sparse morphology. This change became
more pronounced when external magnetic ﬁeld was increased. Figure 5 shows the change in the
aggregates with increasing magnetic ﬁeld and dipole moment.
Figure 6 shows a fractal dimension, Df as a function of the eﬀective strength of the
dipole-dipole interaction, Kdd , (a dimensionless parameter).
Aggregation of Magnetic Microspheres: Experiments and Simulations
G. Helgesen, A. T. Skjeltorp, P. M. Mors, R. Botet, and R. Jullien, 1988
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Figure 4: (a) A 3600-particle aggregate on a square lattice; (b) The density correlation function
averaged over six aggregates as a function of distance measured in lattice constants

Figure 5: Aggregates formed with diﬀerent magnetic moments, µ and magnetic ﬁelds, B. Figures
(a,b,c) show eﬀect of varying B while keeping µ constant at µ = 0.1; (a) Bx = 0; (b) Bx = 1; (c)
Bx = 50. Figures (d,e,f) show eﬀect of varying B while keeping µ constant at µ = 1 (d) Bx = 0;
(e) Bx = 1; (f) Bx = 50. For ﬁgures (g,h), the value of µ = 10, with (g) Bx = 1; (h) Bx = 50
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Figure 6: Fractal dimension, Df as a function of Kdd

This paper, [2] was based on the study of magnetic microspheres interacting via long range magnetic dipolar forces to study diﬀusion-limited cluster aggregation in a plane. It was found out
that fractal dimension in the limit of weak and strong dipolar coupling show complete agreement with simulated values for same type of particles. The resulting aggregates with increasing
magnetic ﬁeld are shown in ﬁgure 7.

Figure 7: Aggregates of 3.6µm spheres for increasing magnetization (M), for zero ﬁeld, (a)
M = 0.23emu/cm3 , Kdd = 16; (b) M = 0.57emu/cm3 , Kdd = 100; (c) M = 2.1emu/cm3 ,
Kdd = 1360; (d) M = 2.1emu/cm3 , and non-zero magnetic ﬁeld
The fractal dimension plot versus dipolar coupling constant is shown in Figure 8.
The simulated clusters for similar particles under diﬀerent conditions are shown in Figure
9.
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Figure 8: Fractal dimension, D, vs dipolar coupling constant, Kdd

So it is fairly clear that diﬀusing magnetized spheres in a plane produces aggregates
with fractal dimensions which decrease with increasing magnetic moments. The application of
external ﬁeld reduce the fractal dimensions towards 1.
Magnetization behaviour of small particle aggregates
K N Trohidou and D Kechrakos, 1998
In this paper, [4] they studied magnetization of small magnetic particle aggregates as a function
of temperature and external applied ﬁeld and published their results in 1998. The simple relation
between the magnetization and fractal dimensionality characterizing the clusters produced in the
aggregation was shown. Magnetization as a function of Temperature and the applied magnetic
ﬁeld obeys power law.
M = a + bN − D
1

(18)

Physically, a can be interpreted as the bulk contribution to the magnetization and bN − D the
contribution due to the surface of the cluster. The parameters a and b are functions of the
1

Figure 9: Typical simulated clusters of 100 particles for various conditions. (a) Without dipolar
interactions and rotational diﬀusion. (b) Without dipolar interactions but including rotational
−1
diﬀusion; (c) with dipolar interactions (Kdd
= 0) and rotational diﬀusion; and (d) added external
ﬁeld corresponding to Kdf = 0.2Kdd .
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temperature and applied magnetic ﬁeld.

5

Experimental Study

The experimental study involves studying both non-magnetic and magnetic particles. Particles
undergoing brownian motion are studied under a microscope and are observed by a camera
attached to a computer. The live image obtained on a computer screen will allow us to observe the
movements of particles more closely and extract information like distance between two positions
and other parameters. The particles used are polystyrene spheres suspended in water solution
and are conﬁned to a micro-layer using microscopic slide and cover slip. The concentration is kept
low but can be changed as required by the possibility of any cluster formation. The experimental
apparatus for the observation of simple brownian motion is shown in Figure 10.

Figure 10: The setup for Observation of Brownian Motion and subsequent observation of DLA
structures.
For magnetic particles, we will be using uniformly sized sulfonated polystyrene magnetic
microspheres with 30% iron oxide dispersed in water. These seeds will either be synthesized in
our laboratory or purchased. The cluster aggregates formed are observed through microscope
and computer and fractal dimension of the aggregates are calculated.

We have various control parameters for our experiment:

• Seed size: Varying seed side would vary the probability of particular seeds to get attached
to form a cluster, consequently changing the fractal dimension.
• Magnetic moment: We can change the magnetic moment of particles by changing doping.
Changing magnetic moment would change the magnetic interactions and probability of
seeds to get attached making a cluster.
• Solvent: Initially we would observe dispersion of micro-spheres in water and see the cluster
formation in diﬀerent solvents later on. Diﬀerent solvents will have diﬀerent diﬀusion coeﬃcients so that would have an impact on fractal dimensions.
• Temperature: Temperature is an eﬀective parameter. We would be interested in knowing
the eﬀect of changing temperature and thermal properties of the seeds growing into clusters.
Thermal ﬂuctuations will aﬀect the motion of the seeds itself. So we have to include a
temperature varying cell to our experimental setup.
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• External Magnetization: Applying external magnetic ﬁeld would change the total energy and hence the sticking probability of the particles. External magnetic ﬁeld would force
the dipole moments of individual particles to align themeselves in the direction of magnetic
ﬁeld giving rise to thread- like structures rather than random cluster of aggregates. This
makes value of fractal dimension approaching 1.
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Simulated Study

Along with the experimental study, we will also be performing a simulated study.
We will start oﬀ by the simplest simulation, in which we will simulate a particle undergoing
Brownian motion in a lattice. Next, to simulate the DLA cluster, a seed at the center of the
lattice is introduced. A second particle is then introduced at a random location on the lattice
at some distance from the seed. The particle diﬀuses (under goes a random walk) until it is
next to the seed. For simple lattice structures, we know the geometry, for instance, on a square
lattice four adjacent sites are available; on a triangular lattice six sites are adjacent, and so on
and therefore we do our calculation accordingly.
When the particle reaches the seed, the particle has the option of either sticking to the seed
and start forming an aggregate, or else moving in another random direction. The sticking of the
particle is decided by the sticking coeﬃcient of the system. This procedure is repeated for the
required number of particles. Higher the coeﬃcient, greater the probability of the particle to
stick and hence, less dense the cluster.
Next we will be calculating the fractal dimensions of the formed cluster. We know from equation
[2], that fractal dimensions are dependent on the number of self-similar structures covering a unit
area. Therefore, we will ﬁnd out the number of particles present in a circle of radius R around
the seed, and from this we can ﬁnd out what the fractional dimension of the cluster is.

Figure 11: Dendritic Cluster grown in a DLA simulation with 5000 walkers on a 200 × 200 site.

A ﬂow chart depicting the major steps is shown in Figure 13.
We initially started to work on the simulations in MATLAB, however, we will now be
doing the simulations in FORTRAN. In Figures 11 and 12 we can see some of the results obtained
by similar simulations done.[5][14]

7

Conclusion

We would be looking for the eﬀects of varying diﬀerent parameters on fractal dimensions of the
aggregates. What we expect is to plot fractal dimension as a function of parameters mentioned
11

Figure 12: A random walk of 2500 steps on a fractal with 1000 sites. The heavy lines indicate
the sites visited by the walk. The slopes of the accompanying plots are the fractal dimension for
the associated aggregates.

Figure 13: The ﬂow of simulation.

above and see its behavior when these parameters are changed. Also, we would be comparing
our results obtained from simulations to our experimental observations.
The project is expected to give some insight on fractal dimensions of cluster aggregates
formed by both magnetic and non-magnetic particles and the kind of model these aggregates
follow.
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